
Labor Economics, Problem Set 1

This problem set is due on or before the recitation on Friday, November 9.
Please answer the following questions:

Exercise 1 The economy lasts two periods. In period 1, an individual (parent) works, consumes c,
saves s, decides how much education e to purchase on behalf of their o¤spring, and then dies at the end
of the period. Utility of household i is given U(ci; ĉi), where ĉi is the consumption of the o¤spring, and
U is increasing in both of its arguments and jointly concave. There is heterogeneity among children, so
the cost of education, �iei, varies across i. In the second period, individuals receive a wage w(e), where
w0 > 0 and w00 < 0 as usual.

1. Consider the case in which credit markets are perfect: households can borrow and lend at the same
interest rate r. Characterize the household�s decision problem. Show that the choice of education
is independent of the form of the utility function.

2. Now assume a credit-market friction: households can lend at r, but cannot borrow going from
period 1 to period 2. Write down the household�s decision problem, including this new constraint.
Show how the education and consumption decisions are no longer separable.

3. Now consider the following hypothetical situation: two households are identical, except that house-
hold A has a higher income and household B values o¤spring consumption more (i.e., @UB=@ĉ@UB=@c

>
@UA=@ĉ
@UA=@c

). How will their investments di¤er if credit markets are perfect? How will their invest-
ments di¤er if the households face a borrowing constraint as in (b)?

4. One of your colleagues just ran the following regression:

log(Children�s Income)i = 0:35 � log(Parents�Income)i + �i

where i denotes a household �dynasty.�

Interpret this regression. Provide several theories that might explain this relationship and relate
them to the model in part 1 above. Discuss how you might go about discriminating among these
competing theories.

5. Upon including a variety of covariates (such as parents� education) into the equation, your col-
league �nds that the e¤ect of parents�income drops by more than half. He claims that this consti-
tutes evidence against the idea that poor parents cannot �nance human capital investment due to
credit-market imperfections. Outline an argument in support of this view. Then discuss problems
with his conclusion.

Exercise 2 Modify the Ben-Porath model studied in the lectures as follows. First, assume that the hori-
zon is �nite. Second, suppose that �0 (0) <1. Finally, suppose that �0 (h (0)) > (r + � + �h)h (0) = (1� exp (� (r + � + �h)T )),
where recall that r + � is the e¤ective discount rate of the individual and �h is the rate of depreciation
of human capital.

1. Provide the necessary conditions for an interior solution. Highlight how these necessary conditions
should be modi�ed to allow for corner solutions where s (t) might take the value of 0 or 1.

2. Show that under these conditions the optimal path of human capital accumulation will involve
an interval [0; t0) of full-time schooling with s (t) = 1 for all t 2 [0; t0), where t0 > 0, followed
by another interval of on-the-job investment s (t) 2 (0; 1), and �nally an interval of no human
capital investment, i.e., s (t) = 0 for all t 2 (t00; T ], where t00 < T . [Hint: �rst for " positive and
su¢ ciently small, consider the feasible strategy of choosing s (t) = 1 for t 2 [0; ") and s (t) = 0
thereafter, and show that this dominates s (t) < 1 for t 2 [0; "); then note that the costate variable
� (t) must satisfy � (T ) = 0 and both s (t) and � (t) are continuously di¤erentiable functions of
time, and use this to show that s (t) must be equal to zero towards the end of the individual�s life
and must take intermediate values before then].
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3. How do the earnings of the individual evolve over the life cycle?

4. How would you test the implications of this model?

Exercise 3 A worker of ability z faces the decision of how much education, e, to obtain. The wage
schedule as a function of ability and education is

w(e; z) = �0 + �1ez + �2z

Education costs c(e), where c0 (e) > 0 and c00 (e) > 0 for all e, and also c0(0) > �0.

1. Characterize the education decision for a given worker.

2. What is the �structural�return to education? (That is, what is the bene�t of an additional unit e
of schooling for a given worker?).

3. Derive the equilibrium observed return to schooling. Show that it can be decomposed into a �struc-
tural�and a �selection�component.

4. Explain whether/why this example is di¤erent from the one we saw in class in which observed
returns to schooling depended on how we took the perspective of a �high z�type or a �low z�type.

Exercise 4 In this problem, you are asked to work through a model that combines signaling with pro-
ductive aspects of schooling. There are two types of agents: �high�and �low�ability. Education (e) is
continuous and observed, but individual ability (and output) is not. The labor productivity for the �low�
type is yl(e) = �0 and the cost of education is cl(e) = 3e2=2. For the �high� type, output and education
costs are yh(e) = �1 + �2e and ch(e) = e2, respectively. Let �1 = �0 for now.

1. De�ne Perfect Bayesian Equilibria (PBE) of this game (Hint: be speci�c about the actions of
workers of di¤erent types and the actions of �rms� which are wage o¤ers as functions of publicly
observable objects� at di¤erent points in time).

2. Solve for the PBE corresponding to the �Riley Equilibrium�(most e¢ cient separating equilibrium)
of this game. In particular, show that high type workers do not have an incentive to deviate from
your proposed equilibrium strategies. Does the high types�investment in education di¤er from what
would have obtained in the perfect-information case? Why or why not?

3. Suppose now that cl(e) = 10e2. Does the high types� investment in education di¤er from what
would have obtained in the perfect-information case? Why or why not?

4. Suppose again that cl(e) = 3e2=23 and furthermore suppose that there is a compulsory schooling
requirement of e, where 0 < e < �2=4. Characterize the Riley Equilibrium. Does the high type
invest in education more or less in this case than in (2)? Explain why.

5. Characterize the equilibrium if yl(e) = yh(e) = �1 + �2e; cl = 3e2=2; and ch = e2.

6. Does a separating equilibrium exist when yl(e) = �01+�2e; yh(e) = �1+�2e; cl = e
2; and ch = e2

with �01 < �1?

7. Compute the observed return to schooling in part (1).

8. How does the observed return to schooling change if �1��0 increases (starting from zero)? Explain
the intuition for both the forces that tend to increase and decrease observed returns to schooling
in this case.
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Exercise 5 Consider the following three-period economy with a unique �nal good. There are two types
of workers, high ability and low ability, with respective fractions � and 1� � in the population. Denote
worker ability by a 2 f0; 1g, with a = 0 corresponding to low ability. Worker ability is private infor-
mation. At t = 1, workers, knowing their ability level, choose a level of schooling e 2 f0; 1g. The cost
of education to both types (in terms of the �nal good) is c. At t = 2, a large number of risk-neutral
homogeneous �rms compete for workers and at this point, worker ability is not observable to �rms, but
worker education is. Suppose that each �rm can only hire one worker, and the production function of
all �rms is such that at time t = 2, each produces

y2 + v2ae

where a and e refer to the worker that is hired.
At t = 3, worker ability becomes public information (for example, because the output of each �rm

in period 2 is publicly observed). Firms again compete for workers, now with production function for
t = 3:

y3 + v3ae:

There is no discounting between periods, and workers maximize the net consumption of the unique �nal
good of this economy (i.e., sum of their wage income minus cost of education).

1. De�ne Perfect Bayesian Equilibria (PBE) of this game.

2. Suppose that
v2 < c < v2 + v3:

Under this assumption, characterize a separating PBE, where high ability workers choose education
(e = 1) and low ability workers do not (e = 0).

3. How does this equilibrium di¤er from the standard separating equilibrium of the Spence signaling
model (with the single-crossing assumption)? Interpret and compare the two models. In your view,
which one is a better approximation to the signaling role of college education in reality?

4. Now show that if, in addition, c > v3, there exists a pooling equilibrium in which no worker obtains
education. Explain whether or not you �nd this equilibrium satisfactory. Why or why not? If not,
how would you eliminate this pooling equilibrium by strengthening the equilibrium concept?

Exercise 6 Let Xij be a binary variable indicating whether individual i in neighborhood j signed up
for welfare bene�ts. One of your colleagues just ran the following regression:

Xij = � �Xj +W
0
ij
 + "ij (1)

where Wij is a vector of �reasonable� controls and �Xj is the average welfare take-up in area j. He
claims that this can be interpreted as a network e¤ect. In particular, he claims that a given individual
is more likely to apply for welfare bene�ts in an area with high �X because he or she knows more people
who are applying, and that this both reduces the social stigma and increases the awareness of how to
deal with the bureaucratic obstacles.

1. Suppose his model is correct. Will his �̂ correctly measure the e¤ect?

2. Responding to your critique in part 1, he changes his speci�cation to

Xijt = � �Xj;t�1 +W
0
ijt
 + "ijt (2)

in which he uses the lagged value of the area�s welfare take-up. Critique his interpretation by
suggesting several non-peer-e¤ect mechanisms that could also generate these results. In each case,
brie�y sketch a model and show speci�cally how it translates into a similar regression equation.
(That is, show how these other structural models have the same reduced form as equation (1)).
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3. Could these results be due to other types of peer e¤ects, that is, to social interactions di¤erent from
those hypothesized by the researcher. As in part 2, substantiate your answer using both intuition
and a brief sketch of a model.

4. Discuss how you might go about discriminating among these competing theories.

4


