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Abstract

In this paper, we develop a new censored quantile instrumental variable (CQIV)

estimator and describe its properties and computation. The CQIV estimator han-

dles censoring semi-parametrically in the tradition of Powell (1986), and it generalizes

standard censored quantile regression (CQR) methods to incorporate endogenous re-

gressors in a manner that is computationally tractable. Our computational algorithm

combines a control function approach with the CQR estimator developed by Cher-

nozhukov and Hong (2002). Through Monte-Carlo simulation, we show that CQIV

performs well relative to Tobit IV in terms of median bias and interquartile range in a

model that satisfies the parametric assumptions required for Tobit IV to be efficient.

Given the strong parametric assumptions required by Tobit IV, the gains to CQIV

relative to Tobit IV are likely to be large in empirical applications. We present results

from an empirical application of CQIV to the estimation of Engel curves for alcohol.

This empirical application demonstrates the importance of accounting for censoring

and endogeneity with CQIV.
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1 Introduction

Censoring in the dependent variable can introduce bias in traditional mean and quantile

estimators because it induces correlation between the regressors and the error term. Several

mean regression estimators such as Tobit IV have been developed to produce consistent esti-

mates in models with censored dependent variables, but they often require strong parametric

assumptions. Through a generalization of the quantile regression estimator, Powell (1986)

developed a semi-parametric way to achieve consistent quantile estimates on censored data.

The Powell estimator, however, has proven to be computationally difficult to execute, and it

does not allow for endogeneity in the regressors. In this paper, we develop a new censored

quantile instrumental variable (CQIV) estimator that handles censoring semi-parametrically

in the tradition of Powell (1986) and generalizes standard censored quantile regression (CQR)

methods to incorporate endogenous regressors.

The CQIV computational algorithm that we develop here uses a control function approach

to account for endogeneity in the structural equation. Newey, Powell, and Vella (1999)

describe the use of the control function approach in triangular simultaneous equations models

for the conditional mean. Lee (2007) sets forth an estimation strategy using a control

function approach in a model with quantile structural and first stage equations. Our model

differs from Lee’s in that the dependent variable is censored, and our first stage equation

does not need to be additive in the unobservables. Blundell and Powell (2007) propose an

alternative censored quantile instrumental variable estimator, which also assumes additive

errors in the first stage.

Our CQIV computational algorithm is simple to compute using standard statistical soft-

ware. In this paper, we demonstrate the implementation of CQIV with a Monte-Carlo

simulation and an empirical application to the estimation of Engel curves. The results

of the Monte-Carlo exercise demonstrate that the performance of CQIV is comparable to

that of Tobit IV in data generated to satisfy the Tobit IV assumptions. The results of

the application to Engel curves demonstrate the importance of accounting for endogeneity

and censoring. Another application of our CQIV estimator to the estimation of the price

elasticity of expenditure on medical care appears in Kowalski (2008).

In Section 2, we present the CQIV model and estimation methods. In Section 3, we

describe the associated computational algorithm and present results from a Monte-Carlo

simulation exercise. In Section 4, we present an empirical application of CQIV to Engel

curves. In Section 5, we provide conclusions and discuss potential empirical applications of

CQIV.
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2 Censored Quantile Instrumental Variable Regression

2.1 The Model

The general stochastic model we consider is the following “triangular” system of quantile

equations:

Y = max(Y ∗, C), (2.1)

Y ∗ = QY ∗(U |D, W, V ), (2.2)

D = QD(V |W, Z). (2.3)

In this system, Y ∗ is the latent response variable, Y is obtained by censoring Y ∗ above at

the censoring variable C, D is the endogenous regressor, W is a vector of covariates, possibly

containing C, V is a latent unobserved regressor, and Z is a vector of instruments. Further,

QY ∗(·|D, W, V ) is the conditional quantile function of Y ∗ given (D, W, V ); and QD(·|W, Z)

is the conditional quantile function of the endogenous variable D given (W, Z). Here, U is

a Skorohod disturbance for Y that satisfies the independence assumption

U ∼ U(0, 1)|D, W, C, V,

and V is a Skorohod disturbance for D such that

V ∼ U(0, 1)|W, C, Z.

In the last two equations, we make the assumption that the censoring variable C is indepen-

dent of the disturbances U and V . This variable can, in principle, be related to W . Indeed,

our notation allows us to capture possible dependence of W and C by simply treating C as

a component of W .

In the model above, to recover the structural function of interest, QY ∗(·|D, W, V ), it is

important to condition on an omitted regressor V called the “control function.” The equation

(2.3) allows us to recover this omitted regressor as a residual that explains movements in

the variable D, conditional on the set of instruments and other regressors. Nonparametric

triangular models for uncensored data are developed in Newey, Powell, and Vella (1999),

Chesher (2003), and Imbens and Newey (2008); parametric nonlinear variants of these models

are also discussed in Wooldridge (2002); and linear variants of these models appear in the

analysis of Hausman (1978). The model treated in this paper differs from these earlier models

by explicitly treating the case of a censored response variable.

From the system of equations above and the equivariance property of the quantiles to
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monotone transformations, we have that

Y = QY (U |D, W, V, C) = max(QY ∗(U |D, W, V ), C). (2.4)

Thus, the conditional quantile function of the observed response variable Y is equal to

the conditional quantile function of the latent variable Y ∗, transformed by the censoring

transformation function max(·, C).

2.2 Estimation

To make estimation both practical and realistic, we make a flexible semi-parametric restric-

tion on the functional form of the structural quantile function. In particular, we assume

that

QY ∗(u|D, W, V ) = X̃ ′β(u), X̃ = T (D, W, V ) = (X, V̇ ),

where T (D, W, V ) is a collection of continuously differentiable transformations of the initial

regressors (D, W, V ). The transformations could be, for example, polynomial, trigonometric,

B-spline or other basis functions that have good approximating ability for economic problems.

In this notation, we also need to distinguish the part of the vector T (D, W, V ) that only

depends on V ; we denote this part V̇ . An important property of this functional form is

linearity in parameters, which will lead us to a construction of a computationally efficient

estimator. The resulting functional form for the conditional quantile function of the censored

random variable is given by

QY (u|D, W, V, C) = max(X̃ ′β(u), C).

This is the standard functional form first derived by Powell (1984) in the exogenous case.

We then form the estimator for parameters of this function as

β̂(u) = arg min
β∈Rk

1

n

n∑

i=1

[1((Ẋi,
̂̇Vi)

′γ̂ > c)ρu(Yi − (Xi,
̂̇Vi)

′β)],

where ρu(x) = (u − 1(x < 0))x is the asymmetric absolute loss function of Koenker and

Bassett (1978), and Ẋ is a vector of transformations of the vector (X, C). This estimator

adapts the estimator developed in Chernozhukov and Hong (2002) to deal with endogeneity.

We call the multiplier 1((Ẋi,
̂̇Vi)

′γ̂ > c) the selector, as its purpose is to predict the subset

of regressors where the probability of censoring is sufficiently low to permit using a linear

– in place of a censored linear – functional form for the conditional quantile. We formally

4



state the conditions on the selector in the next subsection. This formulation allows us

to compute this estimator through several steps, all taking the form described above. We

provide practical implementation details in the next section. This estimator may also be

seen as a computationally attractive approximation to the Powell estimator applied to our

case:

β̂p(u) = arg min
β∈Rk

1

n

n∑

i=1

[ρu(Yi − max((Xi,
̂̇Vi)

′β, Ci))].

The control function V can be estimated in several ways. We can see that

V = V (D, W, Z) ≡ Q−1
D (D|W, Z) =

∫ 1

0

1{QD(v|W, Z) ≤ D}dv.

Take any estimator for QD(v|W, Z) or for Q−1
D (D|W, Z), based on any parametric or semi-

parametric functional form. Denote the resulting estimator for the control function as

V̂ = V̂ (D, W, Z) ≡ Q̂−1
D (D|W, Z) =

∫ 1

0

1{Q̂D(v|W, Z) ≤ D}dv.

There are several examples: in the classical additive location model, we have that QD(v|W, Z) =

Z̃ ′π + Q(v), where Q is a quantile function, and Z̃ is a vector collecting transformations of

W and Z, so that

V = Q−1(D − Z̃ ′π),

which can be estimated by the empirical CDF of the OLS residuals. In a non-additive

example, we have that QD(v|W, Z) = Z̃ ′π(v), and

V =

∫ 1

0

1{Z̃ ′π(v) ≤ D}dv.

The estimator then takes the form

V̂ =

∫ 1

0

1{Z̃ ′π̂(v) ≤ D}dv, (2.5)

where the integral can be approximated numerically using a finite grid of quantiles. Cher-

nozhukov, Fernandez-Val, and Galichon (2006) develops asymptotic theory for this estimator.

2.3 Regularity Conditions for Estimation

In order to estimate and make inference on β(u) where u is the probability index of interest

in (0, 1), we make the following assumptions:
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Assumption 1 (Sampling) We have a sample of size n of independent and identically

distributed vectors (Yi, Di, Wi, Zi). The distribution function of (Yi, Di, Wi, Zi) has a compact

support and satisfies the conditions stated below.

Assumption 2 (Conditions on the Estimator of the Control Function) We have that

̂̇V = ̂̇V (D, Z, W ), where ̂̇V (·) ∈ V,

where V is class of functions that are sufficiently smooth, in the sense that the class satisfies

Pollard’s entropy condition, and

√
n( ̂̇V − V̇ ) = B(D, Z, W )

1√
n

n∑

i=1

Si + op(1),

where S1, ..., Sn are i.i.d. random vectors with finite second moments, and B(D, Z, W ) also

has finite second moments.

Assumption 3 (Conditions on the Selector) The selection rule is equivalent to the form

1((Ẋ, V̂ )′γ̂ > c),

where γ̂ →p γ and, for some b > 0,

1((Ẋ, V )′γ > c) ≤ 1(Pr[Y = C|X, Z, V ] < u + b), a.s.

The selector must also be nontrivial in the sense that

1((Ẋ, V )′γ > c) = 1(Pr[Y = C|X, Z, V ] < u + b)

with positive probability.

Assumption 4 (Smoothness Conditions ) (a) The conditional density fY (y|X̃ = x̃) is

differentiable in the argument y, with a derivative that is uniformly bounded in y and x̃

varying over the support of (Y, X̃). (b) the mapping (α, V ′) 7→ P ((Ẋ, V ′)′α > v) is Lipschitz

in α and in V ′, for α in an open neighborhood of γ and V ′ in V.

Assumption 5 (Design Conditions) The matrices

J̇(u) ≡ EfY (X̃ ′
iβ(u)|X̃i)X̃iX̃

′
i1[(Ẋi, Vi)

′γ > c]

6



and

Λ̇(u) ≡ V ar[{(u − 1(Yi < X̃ ′
iβ(u)))X̃i + E[fY (X̃ ′

iβ(u)|X̃i)X̃iB(Xi)]Si} · 1((Ẋi, Vi)
′γ > c)]

are of full rank.

Assumption 1 imposes standard independence conditions as well as compactness of sup-

port of the data variables. We can relax the compactness at the cost of more complicated

notation and proofs. Assumption 2 imposes a high-level condition on the estimator of the

control function. This condition is plausible, and it holds for the parametric estimators

of the control function in the additive set-up, and also for semi-parametric estimators of

the control function in the non-additive set-up using quantile regression (see Chernozhukov,

Fernandez-Val, and Galichon, 2006). Assumption 3 imposes a high-level condition on the

estimator of the selector function. This condition is plausible, and it holds for a variety

of selectors based on the initial estimates of the censoring probability and estimates of the

conditional quantile functions (see Chernozhukov and Hong, 2002). Assumption 4 imposes

some smoothness conditions on the distribution of Y and on the distribution of the linear

index entering the selector function. This assumption is more or less standard, and it also

appears to be plausible. Assumption 5 imposes a design condition that allows us to identify

the parameters of interest and also estimate them at the standard
√

n rate.

2.4 Main Theorem

The following result states that the CQIV estimator is consistent, converges to the true

parameter at
√

n rate, and is normally distributed in large samples.

Theorem 1 Under the stated assumptions

√
n(β̂(u) − β(u))

d−→ N(0, J̇−1(u)Λ̇(u)J̇−1(u)) (2.6)

See Appendix A for a proof. We can estimate the variance-covariance matrix using standard

methods and carry out analytical inference based on the normal distribution. In practice,

we find it more practical to use bootstrap and subsampling to perform inference.
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3 Implementation Details and Monte-Carlo Illustra-

tions

We begin our CQIV computational algorithm with Step 0 to facilitate comparison with the

Chernozhukov and Hong (2002) 3-Step CQR algorithm, which we follow closely. For each

desired quantile u,

0. Obtain a prediction of the control function ̂̇V (and its transformations). A simple

additive strategy is to obtain ̂̇V by predicting the OLS residuals from the first stage

regression of D on W and Z. If desired, higher order functions of the predicted

residuals and interactions with the other regressors can be included in X̂ ≡ (Ẋ, ̂̇V ).

We mentioned non-additive strategies in the previous section.

1. Select a subset of observations, Jo, which are not likely to be censored using a para-

metric probability model:

1(Yi > Ci) = p(X̂ ′
iγ) + εi

where 1(Yi > Ci) takes on a value of 1 if the observation is not censored and takes

on a value of zero otherwise. Note that the control function ̂̇V is included in X̂. In

practice, a probit, logit, or any other model that fits the data well can be used. Select

the sample J0 according to the following criterion:

J0 = {i : p(X̂ ′
iγ̂) > 1 − u + c}.

In practice, it is advisable to choose c such that a constant fraction of observations

satisfying p(X̂ ′
iγ̂) > 1 − u are excluded from J0 for each quantile. To do so, set c so

that (1 − u − c) is the q0th quantile of p(X̂ ′
iγ̂) such that p(X̂ ′

iγ̂) > 1 − u, where q0

is a percentage (10% worked well in our simulation). The empirical value of c and

the percentage of observations retained in J0 can be computed as simple robustness

diagnostic test at each quantile.

2. Estimate the standard quantile regression on the sample Jo:

β̂(u) minimizes
∑

J0

ρu(Yi − X̃ ′
iβ(u)), (3.1)

and, using the predicted values, select another subset of observations, J1, from the full
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sample according to the following criterion:

J1 = {i : X̃ ′
iβ̂(u) > Ci + δn}.

In practice, it is convenient to choose δn such that a constant fraction of observations

satisfying X̃ ′
iβ̂(u) > Ci are excluded from J1 for each quantile. To do so, set (Ci + δn)

to be the q1th quantile of X̃ ′
iβ̂(u) such that X̃ ′

iβ̂(u) > Ci, where q1 is a percentage less

than q0 (3% worked well in our simulation). In practice, it should be true that J0

⊂ J1. If this is not the case, it is advisable to alter q0, q1, or the regression models.

At each quantile, the empirical value of δn, the percentage of observations from the

full sample retained in J1, the percentage of observations from J0 retained in J1, and

the number of observations in J1 but not in J0 can be computed as simple robustness

diagnostic tests. Coefficient estimates β̂(u) obtained in this step are consistent but

will be inefficient relative to estimates obtained in the subsequent step.

3. Estimate the standard quantile regression on the sample J1. Formally, replace J0 with

J1 in (3.1). The new estimates, β̂(u), are the 3-Step CQIV coefficient estimates.

4. (Optional) With results from the previous step, select a new sample J2. Repeat this

and the previous step as many times as desired.

Beginning with Step 2, each successive step of the algorithm should yield estimates that

come closer to minimizing the Powell objective function. As a simple robustness diagnostic

test, we recommend computing the value of the Powell objective function using the full

sample and the estimated coefficients after each step, starting with Step 2. This diagnostic

test is computationally straightforward because computing the value of the objective function

for a given set of values is much simpler than maximizing it. In practice, this test can be

used to determine when to stop the CQIV algorithm for each quantile. If the value of the

Powell objective function increases from Step s to Step s + 1 for s ≥ 2, estimates from step

s can be retained as the coefficient estimates.

We recommend obtaining confidence intervals through a bootstrap procedure, though

analytical formulas can also be used. If the estimation runs quickly on the desired sample,

it is straightforward to draw R ≥ 100 bootstrap samples with replacement and run each

bootstrapped sample through all steps of the algorithm. A 95% confidence interval for each

coefficient estimate can be formed from the .025 and .975 quantiles of the vector of point

estimates obtained for each coefficient.
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3.1 Monte-Carlo

The goal of the following Monte-Carlo simulation is to compare the empirical performance of

CQIV relative to Tobit IV. For our simulation, we generate data according to a model that

satisfies the Tobit IV parametric assumptions. When the Tobit IV assumptions are satisfied,

Tobit IV is consistent and efficient, and CQIV at each quantile is consistent but inefficient.

Thus, estimates from both models satisfy the criteria for a Hausman (1978) specification

test, in which the null hypothesis is that the Tobit IV assumptions are satisfied. Moreover,

a comparison of Tobit IV coefficients to CQIV coefficients at each quantile quantifies the

relative efficiency of CQIV in a model where Tobit IV can be expected to perform as well as

possible.

A location model facilitates comparison between the conditional mean estimates of Tobit

IV and the conditional quantile estimates of CQIV. Specifically, for each of R Monte-Carlo

repetitions, we generate N observations according to the following model:

Di = π0 + π1Zi + π2Wi + Φ−1(Vi), Vi v U(0, 1) (3.2)

Y ∗
i = β0 + β1Di + β2Wi + Φ−1(U ′

i), U ′
i v U(0, 1) (3.3)

where (Φ−1(Vi), Φ
−1(U ′

i)) is distributed multivariate normal with mean zero and covariance

matrix

Σ =

[
1 ρ

ρ 1

]

. (3.4)

Though we can observe Y ∗
i in the simulated data, we artificially censor the data to observe

Yi = max(Y ∗
i , Ci) = max(β0 + β1Di + β2Wi + Φ−1(U ′

i), Ci). (3.5)

From properties of the multivariate normal distribution, Φ−1(U ′
i) = ρΦ−1(Vi)+

√
1 − ρ2Φ−1(Ui),

where Ui v U(0, 1). Using this expression, we can combine (3.2) and (3.5) for an alternative

formulation of the censored model in which the control term V is included in the structural

equation:

Yi = max(Y ∗
i , Ci) = max(β0 + β1Di + β2Wi + ρΦ−1(Vi) +

√
1 − ρ2Φ−1(Ui), Ci).

This formulation is useful because it indicates that when we include the control term in the

structural equation, its true coefficient is ρ.

In our simulated data, we create extreme endogeneity by setting ρ = .9. For simplicity, we

set π0 = β0 = 0, and π1 = π2 = β1 = β2 = 1. To generate the data, we draw the disturbances
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Φ−1(Vi) and Φ−1(U ′
i) from a multivariate normal distribution with mean zero and covariance

matrix (3.4). We draw Zi from a standard normal distribution, and we generate Wi to

be a log-normal random variable that is censored from the right at its 95th percentile, r.

Formally, we draw W̃i from a standard normal distribution. We then calculate r = QW (.95),

which differs across replication samples. Next, we set Wi = min(eW̃i, r). For comparative

purposes, we set the amount of censoring in the dependent variable to be comparable to that

in Kowalski (2008). Specifically, we set Ci = C = QY (.38) in each replication sample. In

results not reported here, we set N = 30, 000 for comparison to Kowalski (2008). Here, we

report results with N = 1, 000 to demonstrate CQIV performance in a more conventional

sample size.

For each of R = 100 replications, on the uncensored data, we compute traditional IV

estimates and IV estimates using the control function approach. On the censored data,

we compute traditional Tobit IV estimates and Tobit estimates using the control function

approach. Also on the censored data, we compute CQIV estimates at the .05 to .95 quantiles

in increments of .10.

In Table 1, we report the median bias and interquartile range (IQR) of the IV and Tobit

estimates. Bias on the coefficients on D and W is computed as (1 − estimate). Bias on

the estimated control term, V̂ , the predicted residual from the first stage regression of D

on Z, W , and a constant, is computed as (.9 − estimate). The IV and Control IV results

in the first two rows of each section are numerically identical, given the equivalence of the

traditional approach and the control function approach in a linear model. The median bias

and IQR of these estimates provide a bound on median bias and IQR absent censoring. In

the censored data, the next set of results demonstrates that Control Tobit IV represents a

substantial improvement over Tobit IV in terms of median bias and IQR. This comparison

illustrates the value of the control function approach in a nonlinear model.

In Table 2, we present the CQIV robustness diagnostic tests suggested above. In our

estimates, we used a probit model in the first step, and we set q0 = 10 and q1 = 3. In

practice, we do not necessarily recommend reporting the diagnostics in Table 2, but we have

included them here for expositional purposes. In the top section of the table, we present

diagnostics computed after CQIV Step 1. At the 0.05 quantile, observations are retained in

J0 if their predicted probability of being uncensored exceeds 1−u+c = 1−.05+.0445 = .9945.

Empirically, this leaves 47.0% of the total sample in J0 in the median replication sample. In

all statistics, the variation across replication samples appears small. However, as intended

by the algorithm, there is meaningful variation across the estimated quantiles. As the

estimated quantile increases, the percentage of observations retained in J0 increases. From

these diagnostics, the CQIV estimator appears well-behaved in the sense that the percentage
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of observations retained in J0 is never very close to 0 or 100.

In the second section of Table 2, we present robustness test diagnostics computed after

CQIV Step 2. Observations are retained in J1 if the predicted Yi exceeds Ci + δn, where

the median value of Ci, as shown in the table, is 1.575, and the median value of δn at the .05

quantile is 1.694. As desired, at each quantile, the percentage of observations retained in

J1 is smaller than the percentage of observations with predicted values above Ci but larger

than the percentage of observations retained in J0. As shown in sections of the table labeled

“Percent J0 in J1” and “Count J1 not in J0” J0 is almost a proper subset of J1.

In the last section of Table 2, we report the value of the Powell objective function obtained

after CQIV Step 2 and CQIV Step 3. The last column shows that on average the final CQIV

step represents an improvement in the objective function in 36-51% of replication samples

across the estimated quantiles. In our CQIV simulation results, we report the results from

the second and third steps separately for comparative purposes. In empirical practice, we

recommend selecting results from the second or third step based on the value of the objective

function.

In Table 3, we report the median bias and IQR of the CQIV estimates from Step 3 and

Step 2. Roughly, the absolute value of the median bias and IQR are highest at the extreme

quantiles. It is notable that even with 38% censoring, we are able to obtain estimates at

low conditional quantiles. As shown in the columns labeled as |CQIV 3| < |CQIV 2|,
CQIV Step 3 estimates of the coefficients on D and W have smaller absolute median bias

than comparable CQIV Step 2 estimates in 30% of the estimated quantiles, with no clear

pattern across the quantiles. In results with N = 30, 000, the gains to CQIV Step 3 relative

to CQIV Step 2 are larger. In terms of interquartile range, CQIV Step 2 almost always

out-performs CQIV Step 3, illustrating the potential disadvantage of increasing the number

of steps in the CQIV algorithm.

The last two columns of Table 3 present the most important results of the Monte-Carlo

simulation, the comparison between Control Tobit IV estimates and the CQIV estimates.

In terms of median bias, CQIV Step 3 estimates of the coefficient on D out-perform Tobit

IV estimates in 90% of estimated quantiles. In terms of IQR, Tobit IV estimates almost

always out-perform CQIV estimates, but comparison of the actual IQR values in Table 1

and Table 3 shows that the CQIV IQR has the same order of magnitude as the Tobit IV

IQR. Given that the simulated data satisfy the Tobit IV assumptions, the results of this

simulation should give a lower bound of CQIV performance relative to Tobit IV. Since Tobit

IV requires strong parametric assumptions, the advantages of CQIV are likely to be large

relative to Tobit IV in applied work.
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4 Empirical Application: Engel Curve Estimation

In this section, we apply the CQIV estimator to the estimation of Engel curves. The Engel

curve relationship describes how a household’s demand for a commodity changes as the

household’s expenditure increases. Lewbel (2006) provides a recent survey of the extensive

literature on Engel curve estimation. For comparability to the recent studies, we use data

from the 1995 U.K. Family Expenditure Survey (FES) as in Blundell, Chen, and Kristensen

(2007) and Imbens and Newey (2008). Following Blundell, Chen, and Kristensen (2007),

we restrict the sample to 1655 married or cohabitating couples with two or fewer children,

in which the head of household is employed and between the ages of 20 and 55. The FES

collects data on household expenditure for different categories of commodities. We focus on

estimation of the Engel curve relationship for the alcohol category because 16% of families

in our data report zero expenditure on alcohol. Although zero expenditure on alcohol arises

as a corner solution outcome, and not from bottom coding, both types of censoring motivate

the use of censored estimators such as CQIV.

Endogeneity in the estimation of Engel curves arises because the decision to consume a

particular category of commodity may occur simultaneously with the allocation of income

between consumption and savings. Following the literature, we rely on a two-stage budgeting

argument to justify the use of income as an instrument for expenditure. Specifically, we

estimate a quantile model in the first stage, where the logarithm of total expenditure D is a

function of the logarithm of gross earnings of the head of the household Z and demographic

household characteristics W . The control function V is obtained using the estimator in

(2.5), where the integral is approximated by a grid of 100 quantiles. For comparison, we also

obtain control function estimates as the empirical CDF of the OLS residuals from the first

stage equation. The correlation between these two control function estimates is .9986, and

both methods result in very similar estimates in the second stage.

In the second stage we focus on the following quantile specification for Engel curve

estimation:

Yi = max(X̃ ′
iβ(Ui), 0), X̃i = (Di, D

2
i , Wi, V̂i), Ui v U(0, 1) | X̃i,

where Y is the observed share of total expenditure on alcohol censored at zero, W is a binary

household demographic variable that indicates whether the family has any children, and V̂

is the control function estimate from the first stage. We define our binary demographic

variable following Blundell, Chen and Kristensen (2007).1

1Demographic variables are important shifters of Engel curves. In recent literature, “shape invariant”
specifications for demographic variable have become popular. For comparison with this literature, we also
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To choose the specification, we rely on recent studies in Engel curves estimation. Thus,

following Blundell, Browning, and Crawford (2003) we impose separability between the con-

trol function and other regressors (see also Newey, Powell, Vella (1999) for a general treatment

of separable triangular models). Hausman, Newey, and Powell (1995) and Banks, Blundell,

and Lewbel (1997) show that the quadratic specification in log-expenditure gives a better

fit than the linear specification used in earlier studies. In particular, Blundell, Duncan, and

Pendakur (1998) find that the quadratic specification gives a good approximation to the

shape of the Engel curve for alcohol. To check the robustness of the specification to the

linearity in the control function, we also estimate specifications that include nonlinear terms

in the control function. The results are very similar to the ones reported.

Figure 1 reports the estimated coefficients for each quantile of the alcohol share for a

variety of estimators. In addition to CQIV, we use a censored quantile regression (CQR)

estimator that does not address endogeneity, a quantile instrumental variables estimator

(QIV) that incorporates the control function to control for endogeneity but does not account

for censoring, and a quantile regression (QR) estimator that dot not account for endogeneity

or censoring. For comparison with the above Monte-Carlo simulation, we also estimate a

model for the conditional mean with a Tobit estimator that incorporates a control function.

Given the censoring, we focus on conditional quantiles above the .15 quantile index.

In the top two panels of Figure 1, which depict the coefficients of D and D2, the impor-

tance of controlling for censoring is especially apparent. Comparison between the censored

quantile estimators (CQIV and CQR) and the uncensored quantile estimators (QIV and

QR) demonstrates that the censoring attenuates the uncorrected estimates toward zero at

all quantiles in this application. In particular, censoring appears very important even at

the highest quantiles. Relative to the Tobit IV estimate of the conditional mean, the CQIV

provides a richer picture of the heterogenous effects of the variables. Comparison of the

quantile estimators that account for endogeneity (CQIV and QIV) and those that do not

(CQR and QR) shows that endogeneity also influences the estimates, but the pattern is

difficult to interpret. The estimates of the coefficient of the control function indicate that

the endogeneity problem is more severe in the upper half of the distribution.

Our quadratic quantile model is flexible in that it permits the expenditure elasticities to

vary across quantiles of the alcohol share and across the level of total expenditure. These

elasticities are related to the coefficients of the model by

ED(D, U) = β1(U) + 2β2(U)D,

estimate an unrestricted version of shape invariant specification in which we include a term for the interaction
between the logarithm of expenditure and our demographic variable. The results from the shape invariant
specification are qualitatively similar but less precise than the one reported in this application.
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where β1 and β2 are the coefficients of D and D2, respectively. Figure 2 reports estimates

of these elasticities evaluated at the three quartiles of D. Here we see that accounting for

endogeneity and censoring also has important consequences for these economically relevant

quantities. In the top panel, which depicts the elasticities at the .25 quartile of expenditure,

the difference between the estimates is more pronounced along the endogeneity dimension

than it is along the censoring dimension. At the .75 quartile, the difference between CQIV

and all of the other estimators is especially apparent. Figure 3 plots 95% pointwise confidence

intervals for the CQIV elasticity estimates obtained by bootstrap with 200 repetitions. Here

we can see that there is significant heterogeneity in the expenditure elasticity across quantiles

and levels of total expenditure. Thus, alcohol passes from being a normal good for low

quantiles to being an inferior good for high quantiles, with a stronger pattern of change

as the level of expenditure increases. This heterogeneity is missed by conventional mean

estimates of the elasticity.

In Figure 4 we report structural quantile Engel curves based on the CQIV coefficient

estimates for the .25, .5, .75, and .9 quantiles. These functions are estimated following

Imbens and Newey (2008). In particular, we first invert the second stage conditional quantile

estimate to obtain an estimate of the conditional distribution:

F̂Y (Y |X̃i) =

∫ 1

0

1{max(X̃ ′
iβ̂(u), 0) ≤ Y }du;

then we integrate out the control function,

F̂Y (Y |Xi) =

∫ 1

0

F̂Y (Y |Xi, v)dv;

and finally we invert again this conditional distribution to obtain the structural quantile

function

Q̂Y (U |Xi) =

∫ ∞

−∞

1{F̂Y (y|Xi) ≤ U}dy.

Here we can see that controlling for censoring has an important effect on the shape of the

Engel curves even at the median. The presence of children in the household produces a

downward shift in the Engel curves at all the levels of log-expenditure considered.

5 Conclusion

In this paper, we develop a new censored quantile instrumental variables estimator, and we

demonstrate its computation and finite sample performance using a Monte-Carlo simulation.
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We also report a CQIV application to Engel curve estimation. Censoring and endogeneity

abound in empirical work, making CQIV a valuable addition to the applied econometrician’s

toolkit. For example, Kowalski (2008) uses CQIV to estimate the price elasticity of expen-

diture on medical care across the quantiles of the expenditure distribution, where censoring

arises because of the decision to consume zero care and endogeneity arises because marginal

prices explicitly depend on expenditure. Since CQIV can be implemented using standard

statistical software, it should prove useful to applied researchers in many applications.

A Proof of Theorem 1.

Below, const and K are generic positive constants. Ci denotes the censoring point.

Step 1. The rescaled statistic Zn =
√

n(β̂(u) − β(u)) minimizes

Qn(z, γ̂, V̂ ) ≡ 1√
n

n∑

i=1

Vin(z)1[(X̃i,
̂̇Vi)

′γ̂ > c], where (A.1)

Vin(z, V̂ ) ≡ √
n[ρu(εi − (X̃i,

̂̇Vi)
′z/

√
n) − ρu(εi)] and εi ≡ Yi − X ′

iβ(u). The claim is that for

any finite collection of points zj , j ≤ l

(
Qn(zj , γ̂, V̂ ), j ≤ l

) d−→
(

Q∞(zj), j ≤ l
)
, (A.2)

where

Q∞(z) ≡ Ẇ ′z + 1
2
z′J̇z

W
d
= N(0, Λ̇)

J̇ ≡ EfY (X ′
iβ(u)|Xi)XiX

′
i1[Ẋ ′

iγ > c],

Λ̇(u) ≡ V ar[{(u − 1(Yi < X ′
iβ(u)))Xi + E[fY (X ′

iβ(u)|Xi)XiB(Xi)]Si} · 1(Ẋ ′
iγ > c)]

This claim above follows immediately from the standard CLT and LLN and some standard

calculations applied to the first order approximation

Qn(z, γ̂, V̂ ) = Qn(z, γ, V ) + z′E[fY (X ′
iβ(u)|Xi)XiB(Xi)]

1√
n

n∑

i=1

Si + op(1), (A.3)

which is obtained in the Step 2 below.

Matrix J̇ is invertible by assumption. Since functions Qn and Q∞ are convex, finite, and

continuous in z, and since function Q∞ is uniquely minimized at random vector −J̇−1Ẇ =
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Op(1), (A.2) implies

Zn
d−→ −J̇−1Ẇ (A.4)

by the convexity theorem (e.g. Pollard, 1989).

Step 2. For any fixed z, the empirical process

{Qn(z, γ′, V ′) − EQn(z, γ′, V ′), γ′ ∈ G, V ′ ∈ V} (A.5)

is stochastically equicontinuous in γ, where G ≡ {γ : |γ − γ0| ≤ δ} and δ > 0 is small.

Indeed, let

F =
{
(W, Z, D) 7→ 1[(X̃ ′, [V ′(W, Z, D)])γ > c], γ ∈ G, V ′ ∈ V

}
(A.6)

and

Gn = {(W, Z, D, ε) 7→
√

n[ρu(ε − (X̃ ′, V ′(W, Z, D))z/
√

n) − ρu(ε)], V
′ ∈ V]. (A.7)

and, finally,

Hn = F × Gn. (A.8)

By the boundedness assumptions, Hn has a constant envelope that is bounded. The class of

functions Gn is a uniformly Lipschitz transformation of V. Using this fact it is not difficult

to show that the bracketing integral for Hn satisfies

J[](δn,Hn, L2(P )) ↘ 0, as δn ↘ 0. (A.9)

Indeed, the L2(P ) pseudo-metric on Hn is equivalent to the following pseudo-metric on G×F .

Let h1 ∈ Hn be defined by pair γ1, V1 and h2 ∈ Hn be defined by pair γ2, V2, then we define

the pseudo-metric on G × F as

ρ(γ1, γ2, V1, V2) ≡ sup
n≥1

√
E|h1 − h2|2

.

√

‖γ2 − γ1‖2 +

√
E|V̇1(X, D, Z) − V̇2(X, D, Z)|2 +

√
E|V̇1(X, D, Z) − V̇2(X, D, Z)|2

.

√
‖γ2 − γ1‖2 +

√
E|V1(X, D, Z) − V2(X, D, Z)|2 +

√
E|V1(X, D, Z) − V2(X, D, Z)|2

. (‖γ2 − γ1‖2)
1/2 + (E|V1(X, D, Z) − V2(X, D, Z)|2)1/4 + [E|V1(X, D, Z) − V2(X, D, Z)|2]1/2

where the first inequality follows by triangular inequality and some simple direct calculations,

and the second from V̇ being a uniform Lipschitz transform of V , and the last inequality is
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elementary. Using this inequality we can conclude that

J[](δn,Hn, L2(P )) . J[](δn,V, L2(P )) + J[](δn,G, L2(P )), (A.10)

where

J[](δn,V, L2(P )) + J[](δn,G, L2(P )) ↘ 0 as δn ↘ 0. (A.11)

where the first terms goes to zero by assumption on the class V; and the second term

converges to zero trivially.

The stochastic equicontinuity condition implies that

Qn(z, γ̂, V̂ ) − Qn(z, γ, V ) − EQn(z, γ̂, V̂ ) + EQn(z, γ, V ) = op(1). (A.12)

Thus, to complete the proof, it remains to examine the behavior of

EQn(z, γ̂, V̂ )−EQn(z, γ, V ) = EQn(z, γ̂, V )−EQn(z, γ, V ) + EQn(z, γ̂, V̂ )−EQn(z, γ̂, V )

(A.13)

We first show that EQn(z, γ̂, V )−EQn(z, γ, V ) = op(1). We can suppress V in the analysis.

We will show that for si(γ, γ0) ≡ 1[X ′
iγ > c] − 1[X ′

iγ0 > c]:

EQn(z, γ) − EQn(z, γ0)|γ=γ̂ ≡
√

nEVin(z)si(γ, γ0)|γ=γ̂ = Op(γ̂ − γ0), (A.14)

Write
√

nVin(z) ≡ −√
n

[
{u − 1[εi ≤ 0]}X ′

iz
]

+
√

n
[
− ηi(z){X ′

iz − εi

√
n}] ≡ √

nV ′
in(z) +

√
nV ′′

in(z), where ηi(z) ≡
[
1(εi ≤ 0) − 1(εi ≤ X ′

iz/
√

n)
]
. For γ close enough to γ0, X ′

iγ > c

implies X ′
iβ(u) < Ci − v, a.s. for v > 0 small, for all i, so that

E
[√

nV ′
in(z)si(γ, γ0)|Xi, Ci

]
= 0 uniformly in i, (A.15)

since P
[
εi ≤ 0|Xi, Ci, Xiβ(u) < Ci − v

]
= u [ if Xiβ(u) < Ci, εi has u-th conditional

quantile at 0] . Also E
[√

nV ′′
in(z)si(γ, γ0)|Xi, Ci

]
=O

[
fu(0|Xi)z

′XiX
′
iz1(X ′

iβ(u) < Ci −
v)

]
× si(γ, γ0), uniformly in i . Therefore,

EE
[√

nV ′′
in(z)si(γ, γ0)|Xi, Ci

]
= O

(
E

[
si(γ, γ0)

])
= O(γ − γ0). (A.16)

Next we consider the second term, and we can see by a direct calculation that

EQn(z, γ̂, V̂ ) − EQn(z, γ̂, V ) = z′E[fY (X ′
iβ(u)|Xi)XiB(Xi)]

1√
n

n∑

i=1

Si + op(1)

18



�

References

[1] Banks, James, Blundell, Richard, and Lewbel, Arthur. “Quadratic Engel Curves and

Consumer Demand.” Review of Economics and Statistics. 1997. 79(4). pp 527-539.

[2] Blundell, Richard, Browning, Martin, and Crawford, Ian. “Nonparametric Engel Curves

and Revealed Preference.” Econometrica. 2003. 71(1). pp 205-240.

[3] Blundell, Richard, Chen, Xiaohong, and Kristensen, Dennis. “Semi-nonparametric IV

Estimation of Shape-Invariant Engel Curves.” Econometrica. 2007. 75(6). pp. 1613-1669.

[4] Blundell, Richard, Duncan, Alan, and Pendakur, Krishna. “Semiparametric Estimation

and Consumer Demand.” Journal of Applied Econometrics. 1998. 13(5). pp. 435-461.

[5] Blundell, Richard, and Powell, James. “Censored Regression Quantiles with Endoge-

nous Regressors.” Journal of Econometrics. 2007. 141. pp. 65-83.

[6] Chernozhukov, Victor, Fernandez-Val, Ivan, and Galichon, Alfred. “Quantile and Prob-

ability Curves without Crossing.” 2006. MIT Working Paper.

[7] Chernozhukov, Victor, and Hansen, Christian. “Instrumental variable quantile regres-

sion: A robust inference approach.” Journal of Econometrics. January 2008. 142(1).

pp.379-398.

[8] Chernozhukov, Victor, and Hong, Han. “Three-Step Quantile Regression and Extra-

marital Affairs.” Journal of The American Statistical Association. September 2002.

97(459). pp. 872-882.

[9] Chesher, A. “Identification in Nonseparable Models.” Econometrica, 2003, 71(5), pp.

1405-1441.

[10] Hausman, Jerry A..“Specification Tests in Econometrics.” Econometrica. 1978. 46(6).

pp. 1251-71.

[11] Hausman, Jerry, Newey, Whitney, and Powell, James. “Nonlinear Errors in Variables

Estimation of Some Engel Curves.” Journal of Econometrics. 1995. 65. pp. 203-233.

[12] Imbens, Guido W., and Newey, Whitney K.. “Identification and Estimation of Trian-

gular Simultaneous Equations Models without Additivity.” NBER Technical Working

Paper 285.

19



[13] Kowalski, Amanda E. “Censored Quantile Instrumental Variable Estimates of the Price

Elasticity of Expenditure on Medical Care.” Mimeo. 2008.

[14] Koenker, Roger, and Bassett, Gilbert Jr. “Regression Quantiles.” Econometrica, 1978,

46(1), pp. 33-50.

[15] Lee, Sokbae. “Endogeneity in quantile regression models: A control function ap-

proach.” Journal of Econometrics. 2007. 141, pp. 1131-1158.

[16] Lewbel, Arthur. “Entry for the New Palgrave Dictionary of Economics, 2nd Edition. ”

Boston College. 2006.

[17] McClellan, M., McNeil, B.J., and Newhouse, J.P. “Does more intensive treatment of

acute myocardial infarction in the elderly reduce mortality? Analysis using instru-

mental variables.” Journal of the American Medical Association. 1994. 272(11). pp.

859-866.

[18] Newey, Whitney K., Powell, James L., Vella, Francis. “Nonparametric Estimation of

Triangular Simultaneous Equations Models.” Econometrica. 1999. 67(3), 565-603.

[19] Powell, James L. “Censored Regression Quantiles.” Journal of Econometrics, 1986. 23.

pp-143-155.

[20] Powell, James L. “Least absolute deviations estimation for the censored regression

model.” Journal of Econometrics, 1984, 25(3), pp. 303-325.

[21] Wooldridge, Jeffrey M. Econometric Analysis of Cross Section and Panel Data. MIT

Press. Cambridge, MA. 2002.

20



Table 1: Median Bias and IQR of IV and Tobit IV Estimators

Estimator Censored Y Median Bias IQR
Endogenous Variable (p) IV no 0.0004964 0.0082278

Control IV no 0.0004964 0.0082278
Tobit IV yes -0.1350754 0.5249706

Control Tobit IV yes 0.0007718 0.0086728

Covariate (x) IV no -0.0003455 0.0115860
Control IV no -0.0003455 0.0115860

Tobit IV yes -0.0411578 0.0136117
Control Tobit IV yes -0.0010758 0.0104899

Control Term (vhat) IV no NA NA
Control IV no -0.0000707 0.0077969

Tobit IV yes NA NA
Control Tobit IV yes -0.0009306 0.0065285

N=30,000
Replications=100
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Table 2: CQIV Optimization Statistics Across Monte Carlo Replications

CIQR Step 1

Quantile Median Min Max Median Min Max
0.05 0.0449 0.0438 0.0460 47.1917 46.7667 47.7633
0.15 0.1274 0.1244 0.1302 50.3967 50.0100 50.8367
0.25 0.2023 0.1967 0.2095 52.2800 51.9433 52.5733
0.35 0.2697 0.2599 0.2815 53.8100 53.6100 54.0000
0.45 0.3300 0.3111 0.3461 55.1783 55.0467 55.3067
0.55 0.3786 0.3556 0.4001 56.5050 56.3100 56.6200
0.65 0.4130 0.3850 0.4372 57.8533 57.6700 58.0733
0.75 0.4284 0.3999 0.4547 59.3600 59.1000 59.5667
0.85 0.4054 0.3801 0.4386 61.2067 60.8233 61.5300
0.95 0.3000 0.2792 0.3258 64.2450 63.7733 64.6667

CIQR Step 2

Quantile Median Min Max Median Min Max Median Min Max
0.05 1.7127 1.6650 1.7606 50.8667 50.2100 51.4067 52.4417 51.7633 52.9967
0.15 1.7165 1.6688 1.7681 54.3100 53.8667 54.6167 55.9900 55.5333 56.3067
0.25 1.7207 1.6743 1.7766 56.3867 55.9600 56.7833 58.1333 57.6933 58.5400
0.35 1.7253 1.6812 1.7752 57.9900 57.5033 58.3733 59.7867 59.2833 60.1800
0.45 1.7319 1.6848 1.7719 59.4733 59.1200 59.9500 61.3133 60.9500 61.8067
0.55 1.7311 1.6803 1.7920 60.8933 60.4867 61.2800 62.7800 62.3600 63.1767
0.65 1.7383 1.6971 1.7875 62.3533 61.9700 62.7333 64.2833 63.8900 64.6767
0.75 1.7438 1.6967 1.7950 63.9967 63.5433 64.3533 65.9767 65.5100 66.3467
0.85 1.7492 1.7043 1.7927 65.9883 65.2033 66.4100 68.0317 67.2233 68.4667
0.95 1.7608 1.7140 1.8072 69.2400 68.7467 69.8333 71.3833 70.8733 71.9933

Quantile Median Min Max Median Min Max Median Min Max
0.05 1.5934 1.5392 1.6383 100 100 100 1098 887 1286
0.15 1.5934 1.5392 1.6383 100 100 100 1175 1041 1301
0.25 1.5934 1.5392 1.6383 100 100 100 1221 1106 1365
0.35 1.5934 1.5392 1.6383 100 100 100 1253 1143 1377
0.45 1.5934 1.5392 1.6383 100 100 100 1289 1161 1415
0.55 1.5934 1.5392 1.6383 100 100 100 1322 1177 1412
0.65 1.5934 1.5392 1.6383 100 100 100 1350 1212 1474
0.75 1.5934 1.5392 1.6383 100 100 100 1385 1243 1500
0.85 1.5934 1.5392 1.6383 100 100 100 1432 1215 1540
0.95 1.5934 1.5392 1.6383 100 100 100 1497 1342 1672

Comparison of Objective Functions

Objective Step 3<Objective Step 2
Quantile Median Min Max Median Min Max Median Mean

0.05 151829.3 147869.3 154329.7 151580.1 147991.6 154099.3 0.5 0.50
0.15 366026.1 358496.4 371903.9 366021.6 358655.6 371470.3 1 0.54
0.25 518511.5 503120.4 532268.3 518187.2 504398.4 532352.9 1 0.52
0.35 621601.7 604340.3 641152.5 621846.8 605317.1 641298.8 0 0.42
0.45 676720.2 654338.3 700720.1 677121.8 657260.4 695954.4 0 0.43
0.55 680580.9 658319.8 715472.3 681091.4 660713.7 711662.0 0 0.47
0.65 621478.1 598641.0 658572.7 622373.6 601019.3 654687.4 1 0.54
0.75 482381.2 449660.6 521331.6 480372.1 451161.6 517657.5 0 0.46
0.85 204634.5 159392.3 265626.4 203599.8 162671.8 256636.7 0 0.44
0.95 -421592.6 -472915.6 -380351.1 -422701.8 -459007.2 -380406.9 1 0.51

N=30,000
Replications=100

Count in J1 not in J0

c

Percent Predicted Above C

Percent J0

C

Objective Step 3 Objective Step 2

Deltan Percent J1

Percent J0 in J1
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Table 3: Median Bias and IQR of CQIV Estimator

Quantile Median Bias IQR Median Bias IQR Median Bias IQR Median Bias IQR
Endogenous Variable (p) 0.05 -0.0008076 0.0137600 -0.0012394 0.0139927 FALSE FALSE FALSE FALSE

0.15 0.0000749 0.0102842 0.0007004 0.0119642 FALSE FALSE TRUE FALSE
0.25 0.0001180 0.0092928 0.0000102 0.0094645 TRUE FALSE TRUE FALSE
0.35 0.0011444 0.0088328 0.0006526 0.0091921 TRUE FALSE FALSE FALSE
0.45 -0.0002391 0.0102353 0.0003002 0.0098200 FALSE TRUE TRUE FALSE
0.55 0.0003275 0.0089831 -0.0002485 0.0093786 TRUE FALSE TRUE FALSE
0.65 0.0006625 0.0089219 0.0007187 0.0097866 FALSE FALSE TRUE FALSE
0.75 0.0004557 0.0085987 0.0012020 0.0085465 FALSE TRUE TRUE TRUE
0.85 0.0012660 0.0093448 0.0011446 0.0100630 TRUE FALSE FALSE FALSE
0.95 0.0022672 0.0103622 0.0026212 0.0109903 FALSE FALSE FALSE FALSE

Covariate (x) 0.05 0.0004151 0.0129517 0.0006482 0.0132994 FALSE FALSE TRUE FALSE
0.15 -0.0015925 0.0123229 -0.0011426 0.0128187 TRUE FALSE FALSE FALSE
0.25 -0.0006647 0.0109334 -0.0007131 0.0107798 FALSE TRUE TRUE FALSE
0.35 -0.0005003 0.0122406 0.0002227 0.0109851 TRUE TRUE TRUE FALSE
0.45 -0.0008823 0.0110077 -0.0004374 0.0114877 TRUE FALSE TRUE FALSE
0.55 -0.0006954 0.0103905 0.0002686 0.0103747 TRUE TRUE TRUE FALSE
0.65 0.0001447 0.0118795 0.0002119 0.0114837 FALSE TRUE TRUE FALSE
0.75 -0.0010765 0.0114904 -0.0012863 0.0117447 FALSE FALSE FALSE FALSE
0.85 -0.0012839 0.0127925 -0.0014450 0.0128594 FALSE FALSE FALSE FALSE
0.95 -0.0029238 0.0134921 -0.0031050 0.0148159 FALSE FALSE FALSE FALSE

Control Term (vhat) 0.05 -0.0016258 0.0139096 -0.0014547 0.0144801 TRUE FALSE FALSE FALSE
0.15 -0.0027159 0.0119588 -0.0017494 0.0109897 TRUE TRUE FALSE FALSE
0.25 0.0007089 0.0117161 -0.0000265 0.0116511 TRUE TRUE TRUE FALSE
0.35 -0.0006700 0.0092006 -0.0000968 0.0099757 TRUE FALSE TRUE FALSE
0.45 -0.0010189 0.0093172 -0.0003294 0.0098191 TRUE FALSE FALSE FALSE
0.55 -0.0008561 0.0085455 -0.0005066 0.0076809 TRUE TRUE TRUE FALSE
0.65 -0.0003159 0.0095662 -0.0010330 0.0085325 FALSE TRUE TRUE FALSE
0.75 -0.0008595 0.0090051 -0.0005238 0.0107254 TRUE FALSE TRUE FALSE
0.85 -0.0018721 0.0087914 -0.0018419 0.0088561 TRUE FALSE FALSE FALSE
0.95 -0.0018748 0.0141204 -0.0016336 0.0151682 TRUE FALSE FALSE FALSE

N=30,000
Replications=100

CIQR Step 3 CIQR Step 2 |CIQR 3|<|CIQR 2| |CIQR 3|<|Control Tobit IV|
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Figure 1: Coefficients of Engel Curves
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Figure 2: Expenditure elasticities by expenditure quartile
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Figure 3: 95% confidence intervals for expenditure elasticities by expenditure quartile
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Figure 4: Structural quantile Engel curves
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