Quantile and Average Effects in Nonseparable Panel Models *

V. Chernozhukov, I. Fernandez-Val, W. Newey
MIT, Boston University, MIT

First Version, July 2009
Revised, September 2009

'We thank seminar participants of the SITE 2009 Workshop at Stanford and Bryan Graham for

comments. We gratefully acknowledge research support from the NSF.



Abstract

This paper gives identification and estimation results for quantile and average effects in non-
separable panel models, when the structural function and the distribution of period specific
disturbances do not vary over time and regressors are discrete. We obtain bounds in static
models (possibly with additive time effects) and in dynamic models. We derive rates at which

the bounds tighten as the number T of time series observations grows.



1 Introduction

This paper gives identification and estimation results for quantile and average effects in non-
separable panel models, when the structural function and the distribution of period specific
disturbances do not vary over time and regressors are discrete. We obtain bounds in static
models (possibly with additive time effects) and in dynamic models. We derive rates at which
the bounds tighten as the number T of time series observations grows. We also show in numer-
ical calculations that the bounds may be very tight for small T', suggesting their usefulness in
practice. We give an empirical illustration.

Nonseparable models are often needed to model important features of economic problems as
discussed by Altonji and Matzkin (2005), Imbens and Newey (2009), and others. Also, Browning
and Carro (2007) showed that economics motivates multiple sources of heterogeneity (not just an
additive effect), and showed their importance in an application. Recently Hoderlein and White
(2009) have considered a nonseparable panel data model that is close to the one we study.

Much of the work on nonseparable models in panel data (and other settings) has relied on
control variables that arise from restricting the correlation between regressors and individual
effects. Control variables are functions of observables such that the regressors and individual
effects are independent conditional on those variables. Results on control variables for panel
data are given by Chamberlain (1984), Altonji and Matzkin (2005), and Bester and Hansen
(2009). We consider a different source of potential identification, time homogeneity of the
structural function and of the distribution of idiosyncratic disturbances. Similar conditions
have been used for identification by Chamberlain (1982), Manski (1987), Honore (1992), Hahn
(2001), Wooldridge (2005), Chernozhukov, Fernandez-Val, Hahn, and Newey (2007), Graham
and Powell (2008), and Hoderlein and White (2009), among others.

This paper is the first to consider identification of the quantile structural function (QSF)
of Imbens and Newey (2009) and the average structural function (ASF) of Blundell and Powell
(2003) under time homogeneity. We find that it is not possible to identify the QSF and ASF
in panel data with discrete regressors though certain conditional effects may be identified. We
give easily computed bounds for the QSF and ASF. We show that these bounds can be quite
tight and can shrink exponentially fast as 7' — oo, making the bounds potentially important
in practice. We also allow for additive time specific effects or dynamics.

This paper is different than Honoré and Tamer (2006) and Chernozhukov, Hahn, and Newey
(2004). Those papers derived bounds in semiparametric panel models where only individual
location effects are present. This paper allows for slope effects also and considers nonparametric
models.

In Section 2 we give the nonseparable models we consider and describe the QSF and ASF.



Section 3 derives bounds for the static case, conditional on an individual effect. Section 4 shows
how additive time effects may be included. Section 5 gives bounds for the dynamic case. Section

6 considers consistency and rates as 1" grows.

2 The Model and Effects

The data consist of n observations Y; = (Y;1, ..., Yir)" and X; = [Xj1, ..., X;7|', for a dependent
variable Y;; and a vector of regressors X;;. We will assume throughout that (Y;, X;), (i = 1,...,n),
are independent and identically distributed observations and that the support of X is finite (so
X is discrete). A useful example is binary X;;, where X;; € {0,1}.

We consider a nonseparable model of the form
}/;t = gO(Xita g, git)a (l = 17 sy T t= ]-a ceey T)7 (1)

where o; and £;; are unobserved disturbances that can have any dimension. The «; is a vector
of time invariant individual effects that often represents individual heterogeneity. The ¢4 is a
vector of period specific disturbances. Altonji and Matzkin (2005) considered this model.

By discreteness of X;; this model can also be written as a linear model with random co-
efficients. Suppose that X;; takes on the same J values {x1,...,z;} for each ¢t and let Dy
be a vector of dummy variables, Dy; = 1(Xy = ;). Let @(ai,eit) = g(zj,a;,€4) and

B, ei) = (Bq(ciy€it), .y By, gi))'. Then equation (1) can also be written as
Y = Détﬁ(ai, 5z‘t)-

We consider identification in static and dynamic models under time homogeneity of the

conditional distribution of £;;. Time homogeneity in the static model is
d
5it’X1'7 o = Eis’Xh «;, for all s,t. (2)

This condition states that the conditional distribution of ¢;; given X; and «; does not depend
on t. This condition imposes conditional stationarity of the distribution of £; but allows for
dependence of €;; over time. An equivalent condition is (g, a;)|X; 4 (€is, ;)| X;. The time
invariant «; has no distinct role in this model

Time homogeneity in the dynamic model is
d
5it|Xi17 ...,Xit,ai = Ei1|Xi1, (079 fOI‘ all t. (3)

Here we restrict the distribution of e;; conditional on current and past X;; and ¢y, requiring
that it only depend on the first X;; and «;. In this model conditioning on «; does play an

important role, making e;; independent of the regressor observations except for the first time



period. This condition allows for dynamic feedback between ¢;; and future X4 (i.e. with s > t).
An important example is a dynamic binary choice model where Yj; is binary and X3 = Y; ;1.

We are here interested in two effects (functions) of X;; on the outcome, the average structural
function (ASF) of Blundell and Powell (2003) and the quantile structural function (QSF) of
Imbens and Newey (2009). The ASF is

p(r) = Elgo(z, i, gir)] = /go(x,oz,s)F(da, de).

This object is useful for quantifying the effect of x on the mean of the outcome Y;;. In the

treatment effects literature the average treatment effect of changing « from z to Z is

u(Z) — p(@).

The QSF is the A" quantile of g(x, a;, i) as a function of = (and ). To describe it, define
the CDF of go(x, o, i) to be

G(y,z) = E[1(go(z, as,ei¢) < y)].

Note that the time homogeneity assumptions imply that this function does not depend on t.

The QSF is the inverse of this function
a(\ @) = G 2).
In the treatment effects literature the A quantile treatment effect of changing x from Z to Z is

q(A\ T) — q(A, @),

as in Lehmann (1974).

A condition that is implicit in these objects is that the distribution of (g4, ;) does not
vary over time. This condition clearly holds in the static model and is implied by the dynamic
one. Note that the distribution of £;; given X;1, a; does not vary with ¢, implying the marginal
distribution also does not vary with ¢ either.

It may also be of interest to consider the ASF and QSF conditional on certain sequences X;.
For example, one could consider the effect of unions on income for those who ever belonged to a
union. This is straightforward to do in the static case and also in the dynamic case for certain
X;.

Chamberlain (1982), Hahn (2001), Wooldridge (2005), and Chernozhukov et. al (2007) have
considered nonseparable conditional mean models. Those models are implied by the ones here

under additional conditions on conditional independence conditions for X; and &;.



THEOREM 1: Suppose that equation (1) is satisfied, E[|Yi|] < 0o, and El|go(z, i, it)|] < oo
for all x. Let mo(z,a) = [ go(z, a,e)F(de|ar). If equation (2) is satisfied and the conditional

independence condition €| X;, a; 4 eit|a; holds, then
E[Yi| Xy, oi] = mo(Xit, o).

If equation (3) is satisfied and the conditional independence condition | X1, ..., Xit, o 4 e
holds, then
EYi| X, ..., Xit, ] = mo(Xit, ).

Also, [ mo(z,a)F(da) = p(zx)

Proof: Under the first conditional independence condition and equation (2),
BVl i) = Bloo(Xia, i) Xiv o] = [ a0(Xir2) Pl del X )
= /gg(Xit,ai,fs)Fda(de]ai) = mo (X, o).
Similarly, under the second conditional independence condition and equation (3),
ElYi| Xi1, ..., Xit, i) = /go(Xit,ai,s)st’a(ddXil,...,Xit,ozi)
= /go(Xit,ai,a)Fga(dﬂai) = mo(Xit, ;).

The second conclusion follows by iterated expectations.Q.E.D.
A consequence of this is that the marginal effect, or average partial effect in the conditional

mean sense is the same as the average treatment effect, i.e.

[ (@)~ m(z, @)|F(da) = (@) - (o).
Without conditional independence of X; and ¢;, the conditional means can depend on regressors

in time periods other than ¢.

3 Bounds in the Static Model

In the static model there is a simple, fundamental result that provides information about the
ASF. Let the support of X; be {X1, ..., XX}, For all X* such that ka = z for some ti, we have

E[}/Z,tk|XZ = Xk] = E[E[QO(Xitk>aiaEitk)|Xi = Xkaa’L”X’L = Xk] = E[g()(m?aiaeit”X’i = XkL

where the last equality follows by the time homogeneity conditions. That is, the ASF conditional
on X; = X¥ is equal to the expectation of Yj; for any t with X;; = x. This result generally does
not suffice to identify the ASF because not all support points X* have a time period with the
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regressor equal to . When g(z, oy, €;¢) is bounded this does lead to bounds that can be quite
tight even for small 7. Also, under quite general conditions the probability of z not being a
component of X; shrinks to zero, leading to identification as T' — oc.

To describe the bounds, let K(x) = {k : Xti = x for some t;}, K(z) be the complement in
{1,..., K}, and P* = Pr(X; = X*). Define P(z) = > _kek(z) P* to be the probability that = does

not appear in any time period for X;.

THEOREM 2: If equations (1) and (2) are satisfied and By < g(x, o, eit) < By, for constants
By and B, and all x, then

pe(x) < pul) < gy (),

where

pole) = Y PRE[Yiq,|Xi = XM + BiP(x), p,(2) = py(x) + P(x)(Bu — By).
kek(x)

Proof of Theorem 2: For k € IC(z) we have th;c = z, so that
E[Yy,|Xi = X" = Elgo(X}, , i, €ar, )| Xi = X*] = Elgo(x, o, a0) | X; = X"].

For k € K(z) we have
By < Elgo(, i, e1)| Xi = X*] < Bu.

Multiplying by P* and then adding over k gives the result. Q.E.D.
Corresponding bounds on treatment effect are then given by

10(T) = p, (%) < (@) — p(T) < g, (&) — p1(T)-

These bounds may be sharpened by imposing restrictions, such as monotonicity of treatment
effects.

These bounds are the same as those derived for the marginal effect in a conditional mean
model by Chernozhukov, Fernandez-Val, Hahn, and Newey (2007). Here we have shown that
these bounds have a different interpretation as bounds on the ASF in the nonseparable model.

The bounds depend on the probability that none of the components of X; is equal to z.
For example, consider X;; € {0,1}. Suppose that 7" = 2. The support of X; is {X1, ..., X*},
X1 = (0,0, X2 = (0,1), X3 = (1,0), X* = (1,1)". Let = = 1, so that k(1) = {2,3,4},
ty =2,t3 =1, and t4 = 1 (or t4 = 2). Also, K(1) = {1}, P(1) = Pr(X; = (0,0)), p,(1) =
Sy PRE[Y;, | Xi = X¥] 4+ P By and pu,(1) = (1) + PY(B, — By). Then the width of the
bounds is PY(B, — By). For general T, the width is Pr(X; = (0,...,0)')(B, — By) that may

decrease quickly as T' grows.



Similarly to the treatment effects literature, we may be interested in the average structural
function, or the average treatment effect, conditional on certain X; values. For example, if X;; €
{0,1} represents treatment then we might be interested on the effect of treatment conditional
on ever treated, i.e. conditional on X; # (0, ...,0)". Tighter bounds for such effect can be formed
and in some cases the effects may be identified.

The QSF bounds are obtained by replacing Y;; by 1(Y;; < y) in the ASF bounds, that is

bounded below by 0 and above by 1, and inverting as a function of y. The bounds are based on

the fundamental identification result that for any & € K(x),
E[1(go(z, ai,eit) < y)|Xi = X*] = E[1(Yig, <y)|X; = X'
Bounds on the CDF G(y, z) that are similar to Theorem 2 are

Z PEEN(Yig, < y)|Xi = X¥], Guly, z) = Guly, z) + P(x).
keK(x

These can be inverted to give bounds on the QSF.
THEOREM 3: If equations (1) and (2) are satisfied then
qK(A,l') < q()\,ZL‘) < QM(A>1‘)

where

—0 P(x 1\ o _ Py
qe(m)z{ . A< Pl2), ’qu(%w):{ G\ 2), A < 1—P(x),

Wt (A x), A > P(a). oo, A > 1 —P(a).

Proof of Theorem 3: For k € K(x) we have Xﬁ =z, so that

E[l(Y;,tk

IN

Y)|1X; = X* = E[L(go(XF, ciyeir,) < y)|X; = XF]
= E[E[l(go(z, ai i) < y)|Xi, ai]| X; = X*]
= E[E[l(go(z, aieir) < y)|Xi, ]| Xi = X¥]
= E[l(go(z, i) < y)|Xi = X*].

For k € K(z) we have
0 < E[l(go(@, i, €) < )| Xi = XM <1

Multiplying by P* and adding up then gives

Gily.x) = Y PREN(Yig <9)IXi=X"= Y PE[(go(z, i ea) < y)|X; = XF]

keK(x) keK(x)

< Zpk gO z ahglt) < y)’X Xk] G(yvx) < Gf(y7x) —i—P(.f) = Gu(yvx)'



The conclusion then follows by inverting. Q.E.D.

Bounds for quantile treatment effects can then be formed in the usual way as
(A7) — qu(A,Z) < q(A T) — q(AT) < qu(A T) — qe(A, 2).

Estimation is straightforward. We can replace expectations by sample averages and the
indicator function in the QSF bounds by a smoothed version, as in Yu and Jones (1998). When
X;+ = x for multiple ¢ we just average over the available time periods. This is not efficient
but minimum distance would be difficult with small cells that will tend to happen when we are
conditioning on every possible realization of X; = (X1, ..., X;7)". We can then use confidence
intervals as in Chernozhukov, Hong, and Tamer (2007) or as in Beresteanu and Molinari (2008)
based on joint asymptotic normality of the upper and lower bounds.

It is straightfoward to modify these bounds to apply to the ASF or QSF conditional on X;
being in X C {X*, ..., XX} of its support. This could be replacing the sums in the bounds with
sums over support points in X, divided by Pr(X’). If z appears in some time period for every

support point in X then the conditional ASF or QSF would be identified.

4 Additive Time Effects in Static Models

In static models it is possible to generalize the time homogeneity of go(z,a,e) to allow for

additive time effects. We consider a model where
Yit = g10(Xit, iy €it), geo(x, o, €) = T4(x) + go(z, i, €), T1(x) = 0. (4)

Graham and Powell (2008) consider a linear random coefficients model with additive time effects

of this form. Here the ASF and QSF depend on t and are given by

ple) = @)+ [ go(r.0,2)Flde. da,
@\ x) = A" quantile of 7(x) + go(z, o, 1)
= 74(z) + A\ quantile of go(z, o, £41).
Without dynamics one can easily identify such effects and allow for them in the estimation of
the ASF and QSF.
To identify these effects let Ay;(x) = {X : Xy = 2, Xy—; = «}. Note that
ElYy —Yi—j|Xi € Xj(x)] =7i(z) — 1—j(x) + Elgo(z, i, €i) — go(z, i, €50—5)| Xi € Xpj ()]

= T(x) — Te—j(x).



Thus differences over time of the time effects are identified by corresponding differences of the
Yi: conditional on x being constant over time. With the normalization 71 (x) = 0 it then follows
that each 74(x) is identified as long as Pr(X; € Xs(z)) > 0 for each s where Xs(z) := Xs1(z).
Indeed, they appear to be overidentified for T > 2, since different conditioning sets can be used

to recover that 74(x). Here we give an identification result that uses first differences.

THEOREM 4: If equations (2) and (4) are satisfied, E||Yi|] < oo for all t, and Pr(X; €
Xs(x)) > 0 for each s =2,...,t, then

t

i) =Y EYis = Yie 1] X; € Xo(a)].
s=2

Proof of Theorem 4: By E[Y;; — Y;;—1]|X; € Xi(x)] = 7¢(x) — 74—1(z) and 71(x) = 0 we have

t t

S ElYis = Yig|Xi € X(@)] = D [ru(e) = 7o1(2)] = (@) = 71(2) = 7i(2).QE.D.
s=2 s=2

To identify ASF and QSF proceed as above, first subtracting off 74(z) and then adding it

back in.

THEOREM 5: If equations (2) and (4) are satisfied, Pr(X; € Xs(x)) > 0 for each s =2, ...,t,
and By < go(z, i, i) < By, for constants By and B, and all x, then

pree(z) < pap(x) < gy, ().
where

() = (@) + Y PEYig, — 7u(2)|Xi = X'+ ByP(x),
keK(z)

pe () = pye(x) +P(x)(Bu — By).
Proof of Theorem 5: For k € K(z) we have ka = z, so that similarly to the proof of Theorem
3,
ElYig, — 70, (2)|X; = X¥] = Elgo(X{, , i, €00, )| Xi = X*] = Elgo(w, o, ) | X; = X"].

For k € K(z) we have
By < Elgo(, i, i) | Xi = X*] < By

The conclusion then follows by multiplying by P¥, then adding over k, and adding back gives
the result. Q.E.D.



To describe the quantile bounds redefine Gy(y, x) as

= Y PPE[(Yig — 7o(2) < y)|Xi = X*], Guly, 2) = Gely, z) + P(a).
keK(x)

THEOREM 6: If equations (1) and (2) are satisfied then
qw()‘a*r) < qt(>‘7$) < Qtu()\aiv)

where

q(Az) = { Te(z) + G Y\, z), A > P(x).

Qtu(>\7 :U) =

Proof of Theorem 6: For k € K(z) we have Xf = z, so that

E[(Yig, —To.(2) < y)|Xi = X*] = BL(go(X3, , o gir,) < 9)| Xy = XF]

= E[l(go(w, as,8i) < y)|Xi = X*].

For k € K(z) we have

Multiplying by P* and adding up then gives

Gely.z) = Y PPEN(Yig — 7 (2) <y)|Xi = XF)
kek(x)

= Y PYE[(go(, aireir) < y)|Xi = X
kek(x)

< G(y,z) < Gu(y,z) + P(x).

The conclusion then follows by inverting and adding back 7¢(x). Q.E.D.

The QSF bounds are unusual in that the trend terms in quantiles are identified from expec-
tations. This approach depends crucially on 74(x) being constant (i.e. nonrandom). The ASF

bounds will also apply when 74(z) has some forms of randomness, but the QSF bounds will not.

5 Bounds in the Dynamic Model

In static models we developed bounds using the partition of the support of X; into all its separate

points. In the dynamic case such a partition no longer works, because the disturbance ¢ is
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not time homogeneous conditional on X;; for all time periods. However we can partition the
support of X; differently to still obtain bounds.

To describe the bounds, consider the partition

Xt(.’L') = {X:Xt:.’L', Xs#.’L'VS<t},
X(x) = {X:X;#axVth

THEOREM T7: If equations (1) and (3) are satisfied and for all x, and By < g(z,a;,eit) < By

for constants By and B, and all x, then

te(@) < p() < py ().

where

T

o) = Y B[L(Xi € Xi(2))Yi] + BeP(x), (@) = py(w) + P(x)(Bu — Be).
t=1

Proof of Theorem 7: Since X; € Aj(x) only restricts Xy, ..., X;1 and X = z for any
X; € Xi(x) we have

ElYy|X; € Xi(z)] = E[E[go(Xit, i, i) | Xity -y Xin, )| X € Xi(2)]
= E[E[go(z, ai,eit)| Xit, .., Xin, i | Xi € Xi(z)]
= E[E[go(z, %Eu)!Xu,aZ]yX € Xy(2)]
= Elgo(, v, ei1)| X € Xi(z)].

[
[

We also have
By < Elgo(z, i, e1)| X € X(x)] < Bu.

Note that Pr(X; € X(z)) = P(z). Then adding up gives
pe(x) < Elgo(z, o5, €i1)] < i, (2).
since X1(z), ..., Xr(z), X () is a partition of the support of X;. Note also that eq. Q.E.D.

An important example is the binary Y, € {0,1} case where X =Y, ;1. In this case By = 0,
B, = 1. Here P(0) = Pr(X; = (1,...,1)") and P(1) = Pr(X; = (0, ...,0)’). The bounds for x(0)
and (1) will be

T
Y EN(X;: € Xy(0)Ya] = pe(0) < p(0) < 11,(0) = p1,(0) + P(0),

T
YOENMX: € X(1)Yal = (1) < p(1) < gy (1) = pe(1) + P(1).
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Then for 6 = 1| E[{1(X; € X(1)) — 1(X; € X:(0))}Yi] we have
§—P(1) < (1) — p(0) <6+ P(0).

Width of the bounds is Pr(X; = (1,...,1)") + Pr(X; = (0, ...,0)’). Informative in long panels but
not short ones. This is a bounds solution to the problem of identifying duration dependence in

the presence of unobserved heterogeneity (Feller, 1943, and Heckman, 1981). Note that
u(1) — p(0) = / [Pr(Yy = 1¥i-1 = L,a) — Pr(Yi = 1|Yiy1 = 0,0)]F(da),
the effect of lagged Yj:, holding «; fixed, averaged over «;.
For bounds for the QSF define
~ T ~ ~ —
Gely,x) =Y E[L(X; € X(2))1(Yar < y)], Guly, ) = Gely, x) + P(a).
t=1

THEOREM 8: If equations (1) and (3) are satisfied then

where

—00 P T ~—1 z 5 .
qeu,x):{ =P, ,qm,x):{ G )2 < 1= Pla)

G\ x), A > P(x) 400, > 1—P(x).

Proof of Theorem 8: Since X; € X;(x) only restricts Xy, ..., X;1 we have

E[l(YvZ < y)|XZ S Xt(x)] = E[E[l(}/lt < y)|X¢t, ~--7Xi17ai]|Xi S Xt(x)]
= E[l(go(w, i, ei1) < y)|ou]|Xi € Xy(x)].

We also have
0 < E[E[L(go(, isei1) < y)|ai]| Xi € X(x)] < 1.

Then adding up and inverting gives the result. Q.FE.D.

The bounds for the dynamic model also apply to the static model but there are advantages
to condition on the entire sequence of X; when there are no dynamics. One advantage is that
it is possible to account for time effects as described above and, as far as we know, it is not
possible to do this in the dynamic case. Also, it is straightforward to impose monotonicity in

go(x, i, €4¢) in the static case, and it is not known how to do this in the dynamic model.
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6 Identification and Rates as 7" — o

The size of the bounds all depend on P(z), the probability that = does not appear for any time
period. Identification will be attained as T' — oo if P(z) — 0. This convergence will occur

under fairly weak conditions.

THEOREM 9: Suppose that equations (1) and (3) are satisfied, )_(2, = (X1, Xi2, ...) is station-
ary and, conditional on «;, the support of each X is the marginal support of X and )_(>z i
ergodic. If By < g(z, ;i) < By, for constants By and By, and all z, then p,(x) — u(x) and
() — po(x) as T — oo. If 0 < A <1 and G(y,x) is continuous and strictly monotonic in

yon{y:0<G(y,z) <1} then (N, z) — q(\, z) and q,(\,z) — q(\,z) as T — oo.

PROOF OF THEOREM 9: Let Zir = St 1(Xit = x)/T Note that if Z; > 0 then
1(A;7) = 1 for the event A;r that there exists # such that X,; = . By the ergodic theorem,
conditional on «; we have Z;1 LN Pr(X; = = | o) > 0 by the conditional support being equal
to the marginal support. Therefore Pr(A;r | o) > Pr(Zir > 0| ;) — 1 for almost all a;. It

then follows by the dominated convergence theorem that
Pr(A;r) = E[Pr(Air | ay)] — 1.
Also note that Pr(A;7) = 1 — P(z), so that

P(x) — 0.

The first conclusion then follows by Theorem 7.
Next, for notational convenience, suppress the x argument. It follows as previously with

1(g(x, i, €i) < y) replacing Yj; that for all y, as T — oo
Guly) = Ge(y) <P — 0.

Consider any 0 < A < 1. Let T be large enough so that A < 1 —P. Then ¢,()\) is finite and
Go(qu(N) = A= G(q(N)). It follows by g, () > g(X) that

0 < G(gu(N) — G(a(N)) = G(qu(N)) = Ge(qu(N) <P — 0.

Since G(y) is strictly monotonic in a neighborhood of ¢(\) and ¢,(\) > ¢(A), it follows that
qu(A) — ¢q(A). An analogous argument shows that g¢(\) — q(A\).Q.E.D.

This result gives conditions for identification as T' grows, generalizing a result of Chamberlain

(1982) for binary X;;. In addition, it shows that the bounds derived above shrink to the average
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and quantile effects as T' grows. To explain when this identification would not hold it is helpful

to consider a simple example where X is i.i.d. conditional on «;. In that case
P(z) = E[Pr(Xy # x|oy)T].

This will not go to zero if and only if Pr(Pr(X; # z|a;) = 1) > 0, that is, if and only if for
some «; the distribution of X;; puts zero weight on x. The marginal support being equal to the
conditional support is the hypothesis that rules this out.

The rate at which the bounds converge in the general model is a complicated question. We

can give a simple result if the conditional probability for X;; = x is bounded away from zero.

THEOREM 10: Suppose that equations (1) and (3) are satisfied, )_(; is stationary and Markov

of order J conditional on «;, and for some € > 0,

Pr(Xy = Xit-1,...., Xit—g, ) > €.
Then if By < g(z,a4,€it) < By,

pa(®) = (@) < (By — Bp)(1— )" 7.

Also, if 0 <A< 1 and G(y,x) is continuously differentiable on a neighborhood of y = q(\, )
with a derivative bounded below by D, > 0, then for a large enough T

qu(Xz) — qe(Nx) < 2D N (1 —e)" .

PROOF OF THEOREM 10: Let Hlel(Xit # x) be the indicator function for the event
that none of the elements of X; is equal to = so that P(x) = E[IIL_;1(X; # x)]. By iterated
expectations, for T' > J,

77(33) = E[E[H;le(Xit 75 $)] = E[H?:_lll(Xit 75 x)E[l(XiT 75 $|X¢7T71, "'7Xi15 al]]
= E[{Hf:zll(Xit 7é 37)} PI‘(XZ‘T 7é x\Xi7T_1, ceey Xi’T_J, Ckz)] S (1 - €)E[H32311<Xit 7é {IZ)]

Repeating the argument for T'— 1, ..., J gives
Pla) < (1—e) B 1(Xy # 2)] < (1)

The first conclusion then follows by Theorem 7.
Next suppress the x argument and proceed as in the proof of Theorem 9. Note that G'(y) >
D, for all y in a neighborhood of g(\) and that G(q,()\)) — G(g(\)) < P for large enough T.

Using these and previous bounds and a mean value expansion gives
(1-e)"7 > P> G(gqu(N) - GlaN) = G'(@N)gu(N) = (V)] = Dalgu(N) — g(N)] >0,

13



where g(A) lies between ¢,(A) and ¢(X). Dividing by D, then gives
DML =) 2 qu() —a(N) 2 0.

An analogous argument gives D; (1 — )7~/ > ¢()\) — q/(\), so adding these inequalities gives

the second conclusion. Q.E.D.

This result shows that the rate of convergence of the bounds will be exponential when the
conditional probability that X;; = x is bounded away from zero. The i.i.d. example can be used
to illustrate what other kinds of results might occur. As discussed above, P(z) = E[Pr(X; #
z|a;)T], so the rate of shrinkage depends on the thickness of the tails of the distribution of
Pr(Xy; # x|a;). If too much weight is put on conditional probabilities near one then the
convergence may be slow. For example, suppose Xz = 1(a; — vy > 0), a; ~ N(0,1), vy ~
N(0,1). Then

& (a)TH1 +o0 1

PO) = Ele(ai)"] = [ (@) s()da= 0| =70,

—o0
which shrinks slower than exponentially. On the other hand, if «; has any distribution with a

compact support, Theorem 10 implies that the bounds shrink exponentially fast in 7.
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